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Abstract 

Fluctuations of non-Abelian gauge fields in a background magnetic flux contain 
tachyonic modes and hence the background is unstable. We extend these results 
to the cases where the background flux is coupled to Einstein gravity and show 
that the corresponding spherically symmetric geometries, which in the absence 
of a cosmological constant are of the form of Reissner-Nordstrom blackholes or 
the AdS2 x S 2 , are also unstable. We discuss the relevance of these instabilities 
to several places in string theory including various string compactifications and 
the attractor mechanism. Our results for the latter imply that the attractor 
mechanism shown to work for the extremal Abelian charged blackholes, cannot be 
applied in a straightforward way to the extremal non-Abelian colored blackholes. 



1 Introduction and Motivation 



Stability analysis of systems of charged particles coupled to Einstein gravity in four dimen- 
sions is an old and well studied subject. Static, spherically symmetric solution with electric 
and/or magnetic charge, the Reissner-Nordstrom blackhole, has been shown to be stable 
under classical stability test. Charged or neutral scalars can also be added to the Einstein- 
Maxwell theory. A special case of the latter is the Einstein-Maxwell-Dilaton (EMD) theory. 
String theory toroidal compactifications at generic points in their moduli space indeed lead 
to a EMD theory with several Z7(l)'s as well as dilatonic fields (e.g. see [Tj). All these 
generalized charged blackholes are stable. 

As the next generalization, one may couple non-Abelian gauge theories to Einstein grav- 
ity. These theories are hence called Einstein- Yang-Mills (EYM) theories [2j. Such theories 
have also been studied in some detail and it has been shown that they have an infinite dis- 
crete family of globally regular solutions as well as blackhole solutions for any given value 
of the horizon radius [3], HI [5] . Despite having time independent colored globally regular or 
colored blackholes solutions, it has been argued that all of these solutions are unstable. (For 
a more detailed review see [6].) 

When Dilaton or Higgs scalars are added to the system we obtain, respectively, EYMD 
or EYMH theories. These are the kind of theories which can arise from string theory com- 
pactifications, though not in generic points of the moduli space of toroidal compactifications. 
They also arise from compactification on group manifolds or generic Calabi-Yau manifolds. 
As we are interested in gravity theories arising from string compactifications, in this note we 
shall focus on these theories and review some of the results regarding the stability of such 
charged blackholes in section 12.21 We extend the results on the instability of the colored 
blackholes to a wider class in which the unstable (tachyonic) mode is not an s-wave. 

In the rest of this note, we will first review the results of E] , stating the existence of 
the tachyonic modes in the fluctuations of the Yang-Mills fields in a monopole background. 
In section 12.11 we complete the existing literature by showing that indeed the existence 
of these tachyonic modes leads to the instability of the background. In section I2.2[ we 
review arguments in the GR literature in which it has been shown that a similar class of 
systems, namely the colored blackhole systems, are unstable. In section 3, we focus on the 
instabilities in the presence of gravitational field. In this section we show that if a Yang-Mills 
configuration has destabilizing modes among its fluctuations already in the flat space, then 
coupling to gravity will not change the situation as regards to stability. To this end first we 
show that the Dirac monopole in a EYM(D) theory generically has fluctuations which are 
localized in space but grow exponentially in time. With a given monopole configuration or 
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the corresponding magnetic flux, the space time geometry is either of the form of (colored) 
Reissner- Nordstrom (RN) blackhole or AdS% x S 2 . We show that both of the two cases 
are suffering from a similar kind of instability present in the non-gravitational case. The 
solutions with minimal monopole charge are stable. This seems to have been overlooked in 
previous analysis. 

For the blackhole solutions, our results extend the known instability arguments of the GR 
literature to a larger class, and in particular to the cases different from s-wave perturbations 
and monopole charges different from minimal value for the tensorial perturbations. The 
AdS% x S 2 is of relevance to the attractor mechanism which is at work for extremal blackhole 
solutions in the Einstein-Maxwell-Dilaton (EMD) theories (e.g. see P,[10]). The instability of 
the (extremal) colored blackholes and its near horizon geometry, the AdS% x S 2 background, 
implies that, if applicable at all, the attractor mechanism in its present form does not work 
for the colored non-Abelian blackholes. In section 4, we discuss that the EYMD or EYMH 
theories are very relevant to string theory and therefore the results of the colored blackhole 
instabilities apply to string theory compactifications. We end with concluding remarks and 
some interesting open problems. 

2 Review of instabilities in background non-Abelian 
magnetic flux 

This section is mainly a review of known results. In sections 12.11 and 12.21 respectively, we 
consider the non-gravitational and gravitational cases and point out that in both cases the 
fluctuations of non-Abelian gauge fields about a monopole background contain unstable 
modes. 

2.1 Linearized analysis of the gauge fields fluctuations 

Fluctuations of a non-Abelian Yang-Mills field around a magnetic monopole background 
on R 3+l which has a non- vanishing flux through S 2 , has tachyonic modes which can create 
instabilities [7]. To study such fluctuations it is sufficient to study the linearized Yang-Mills 
equations D M F MN = 0, where F MN is the gauge field strength, around the solution of 
interest. To proceed we use the notation M = fi,m, where /i ranges over x° = t and x 1 = r 
and m ranges over 9 and <fi. We also take the four dimensional metric of the form 

ds 2 = 9fiu dx^dx u + r 2 g mn dy m dy n (2.1) 

where g mn denotes the standard metric on a S 2 of unit radius. Next we write 

W M = A M + V M (2.2) 
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where Wm is the gauge field potential and A M is the background potential corresponding to 
a Dirac monopole located at the origin (and hence has spherical symmetry) 

A = -n%{cosd - l)d<f> (2.3) 

where Tj is a basis of matrices in the Cartan sub-algebra of the Lie algebra of G and, in 
an appropriate normalization, rii which correspond to the charge(s) of the monopole are 
integers. Yang-Mills equations, up to linear order in V n , give, 

VlV n + ^D 2 m V n - [D m , D n ]V m - ^[V m , F mn ] = 0. (2.4) 

In the above the covariant derivatives V M and V m are respectively constructed using the 
metrics g^ v and g mn and the m, n and fi, v indices are raised and lowered by metrics g mn and 
g^. D m is defined by 

DmVn = V m K — i[A m , V n ], (2-5) 

and 

F = — - T* sin 0d6 A d(f). (2.6) 
The above equations of motion are written in the Lorentz gauge 

+ ^D m V m = 0. (2.7) 

Our interest is primarily in the equation for V n . We can express the commutators in terms 
of the curvature tensor. The equation simplifies to 

W n + ^{(D 2 m - l)V n - 2i[V m , F mn }} = 0. (2.8) 

Expanding V n (t, r, 6, 0) in harmonics on S 2 yields an infinite number of fields in the 1 + 1 
dimensional space spanned by t and r. The general formalism has been given in [14]. To 
perform such an expansion it is necessary to use complex basis in the tangent space of S 2 
and denote the component of V n with respect to such basis by V + and V— The equations 
then separate and we obtain 

V 2 V + + - 1)V + - 2i[V +1 = 0. (2.9) 

Writing 

V + = V l + T i + VlT a , (2.10) 
where Tj, T a are, respectively, the generators in and outside the Cartan subalgebra satisfying 



[T u T a ] = a ia T a , (2.11) 
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the equation for V +a becomes 



VV +0 + -{(D 2 m - l)V +a + n'oiaV+a} = 0. 



(2.12) 



This equation can be written in the more suggestive form of 




r 



(2.13) 



where the "mass operator" M 2 is defined by 



M 
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(2.14) 



The spectrum of this operator is known. We know that for almost all non-Abelian G's it 
has a single negative eigenvalue (generically corresponding to degenerate eigenstates) and an 
infinite number ofpositive eigenvalues [3 [8]. The multiplicity of the mode with negative M 2 , 
tachyonic modes u, is given by the dimension of the representation of the overall unbroken 
group to which they belong. For example, assume that the gauge group is SU(2). The 
background gauge field is that of a monopole of charge n which we take it to be a positive 
integer greater than one in the direction of T 3 . The reason we exclude n — 1 is that there 
are no negative M 2 modes for this value of n. In this case all the tangential fluctuations of 
the gauge field are spinorial and the Abelian embedding is stable under small fluctuations. 

In this example, if there are no other symmetry breaking elements (like charged scalar 
fields or the Higgs fields) the unbroken part of the symmetry group in the t, r space will 
be i7(l) x SU(2) KK , where, {7(1) is the unbroken subgroup of the gauge group SU{2) and 
the factor SU(2) KK , is due to the spherical symmetry of the background solution. The 
tachyons in that case are charged under the {7(1) and belong to the spin j = n/2 — 1 
representation of SU(2)kk- This in particular means that for even n the tachyons are in 
tensorial representations of the rotation SU(2)kk- Note that for odd n the tachyons are 
spinorial objects with respect to SU(2)kk- The s-wave tachyon corresponds to n = 2. 
Moreover there are of 2j + 1 = n — 1 complex tachyons (for n > 1) with M 2 = -n/2 (for 
the tachyonic modes D"^ = — j [7]). 

One should, however, note that having negative M 2 is not in itself sufficient to conclude 
the instability of the field configuration, one needs also to analyze the propagation of these 
negative M 2 modes in the t, r space. 

^^Note that if the 2-dimensional metric is flat, i.e. g^ v — T]^ v , and the 4-dimensional space-time is a 
product of R 2 x S 2 then M 2 will be precisely the mass 2 operator in R 2 and the appellation of tachyonic 
mode will be exact. By slight misuse of language we shall continue to call M 2 the mass operator even for a 
non flat and for non factorized geometries. 
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If we assume g^ v = r]^ u , the fluctuation equation (12 . 1 3[) reduces to the simple wave 
equation 

1 



- d 2 V+ + d 2 r V+ - ^M 2 V+ = 0. (2.15) 
The most general solution to this equation turns out to be 

V + = e iEt e iEr r\dF{^ 2/3; -2iEr) + C 2 {-2tEr) 1 - 2p F{l -(3,2- 2(3; -2iEr) (2.16) 

where F(a, c; x) is a confluent hypergeometric function and C\ and C 2 are the two integration 
constants. (3 is a solution of 

((3 — 1/2) 2 = M 2 + 1/4. (2.17) 

For M 2 < —1/4, which is the case of interest for us, the right hand side of this equation can 
be negative yielding a complex solution for (3. One can show that in this case there is a choice 
of the integration constants which allow a normalizable solution with a pure imaginary E. 
Such a solution will be localized in space but delocalized (with exponential growth) in time 
and will signal an instability. 

If there are other charged fields in the model they may contribute to the tachyonic mass 
and lift it to non-negative values. One such possibility is adding the Higgs field in the adjoint 
(the Georgi-Glashow model) or the fundamental representations. For the former, there are 
singular or regular ('t Hooft-Polyakov) monopole solutions. 

Let us consider the Georgi-Glashow model, with the group SU(2) and a Higgs potential 
whose value vanishes in its minimum given by |</w| 2 = v 2 (e.g. see section 1.4 of |llj): 

C = "7 E ( F 'mn FI MN + ( 2 - 18 ) 

i=l ^ ' 



where 



Kin = 9[mW 1 n] - g Y Me i3k W 3 M W k N 
D M (f) 1 = d M( p l - g YM e ijk W J M 4> k . 



[2.19) 



Our arguments in an obvious way generalizes to a generic non-Abelian gauge group G. The 
singular monopole solution is given by (see eq.(23) of |llj ) 



^vac ' (fivac V , 



1 - - 1-n ( 2 - 20 ) 

W M = ~4>vac X d M <Pvac + -<Pvac^M 

gv z v 

where the arrows denote the (adjoint) gauge indices and A? M is an arbitrary vector, and singlet 
of the gauge group. With the above it is easy to check that du<\>vac + wWm x (f vac = 0. The 
"magnetic" monopole U(l) gauge field strength is then given by F MN = -0 mc ■ F MN . This 
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monopole solution is obviously singular. We choose the three components of to be given 
by v (sin 8 cos rrup , sin 8 sin rrup, cos 8), m G Z. 

The stability analysis in this case has been carried out in [12] for the s-wave perturbations 
(which corresponds to m = 1 in this case). In fact the gauge transformation which brings 4> 
to the direction of z-axis will map W to our A of Q with m = 2n@ Repeating the analysis 
of the spectrum of gauge field fluctuations about the above when Higgs is turned on, will 
therefore produce the same result given by equation (12.131) but the M 2 is now replaced with 

M 2 = -{{Dl - 1) + 2n} + r 2 g 2 YM v 2 (2.21) 

where the last term is due to the Higgs giving mass to the gauge fields. It can be checked 
that for small enough r, r < r m , with 

r m ~ (g YM v)- 1 (2.22) 

the last term becomes subdominant and we again find the tachyonic instability. 

Finally we consider the regular 't Hooft-Polyakov solution. The (approximate) form of 
solution may be found in eq.(29) of [llj. This solution at large r reduces to (12.201) . At 
r < r m , however, the solution behaves differently and in particular at r = it is regular. In 
this case the monopole is an object of effective radius of r m , rather than a point like object. 
The stability analysis for this case, due to the r-dependence of the background Higgs and 
the gauge fields becomes very messy, however, one expects this solution to be stable. This 
expectation is supported by topological reasons and, in our setting, by the observation that 
due to the monopole profile, the M 2 has a non-trivial r dependence and unlike the previous 
case, does not change sign around r m . 

Similar arguments could be made for the fundamental Higgs case and when we have 
dyons. 

2.2 The gravitational setting, instability in EYM(D) theoreis 

In this section we give a brief review of the non-Abelian gravitating solutions of EYMD 
theory in four dimensions (for a more detailed review see [6] and references therein) . These 
solutions can be either point like, globally regular, asymptotically flat (solitonic) or of the 
blackhole type. There are a number of no-go theorems assuring that stationary solitonic 
solutions do not exist in pure gravity or in YM theory. In gravity, this is referred to as 
the Lichnerovicz's theorem which follows from the fact that gravitational systems are purely 

2 It is known that with the adjoint Higgs one will only obtain Dirac monopoles of even charge. In particular 
the lowest possible charge in this setting corresponds to n = 2 in the notations of (|2.3j) . This is the reason 
that our s-wave is obtained for n — 2. 
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attractive and hence there is no way to make a balance of forces to keep the gravitational 
soliton stationary. On the other hand the YM system is purely repulsive and therefore it 
cannot support what is called a "classical glueball". 

When combined together, gravity and YM can in principle make a balance between forces 
to support stationary neutta. solitoniJi [2] or neutral and charged blackhole solutions [I]. 
Similar class of solutions have also been constructed for systems including a dilatonic scalar 
field i.e. EYMD [5jE 

In this section we will take the gauge group to be SU(2) and consider four dimensional, 
spherically symmetric, asymptotically flat static solutions only. To summarize the results 
already discussed in the literature and introduce the terminology used, it is convenient to 
start with the most general ansatz for spherically symmetric solutions 

ds 2 = a 2 N(dt + adr) 2 - —dr 2 - R 2 (dB 2 + sin 2 dd<p 2 ) 

N n n ( 2 - 23 ) 

W = aT 3 + Im{wT + )d6 - -Re(wT + ) sm6d(f) + -T 3 cos6d(f) 

where Tj (i = 1 • • - 3) are the SU(2) generators and T + = T\ + iT 2 . Furthermore, a is a real 
one form a = a$dt + a r dr and the complex scalar w as well as a, N, a and R only depend on 
(t,r). The integer n is the monopole charge. 

A study of the equations of motion for the YM field indicates that for n^2 one should 
necessarily have w — 0. Solutions of this type are called embedded Abelian (eA), as the 
potential in this case can be written in terms of the U(l) potential A = Tr(WT 3 ) = a + 
| cos Odcf). The stationary (eA) solutions are hence, always charged and are blackholes, the 
so-called colored blackholes. 

On the other hand, the non- Abelian (nA) solutions which can only be achieved when 
n = 2, may be solitonic or blackholes, but always neutral. The stability of these (nA) 
solutions against spherically symmetric perturbations has been extensively studied in the 
literature with the overall result that these solutions are all unstable. There are two classes 
of the unstable, tachyonic, modes; those in which the gravity fluctuations are turned off, 
the topological or odd parity modes, and those which also involve metric perturbations, the 
gravitational or even parity modes. 

The above system can be generalized to the one which is more relevant to string theory, 
by adding a dilaton field to the EYM to end up with the EYMD system. The dilaton, 0, 
couples to the YM action in the form of e^LyM where 7 > is a parameter. For any given 
7, the (nA) solutions of the EYMD system as well as their stability behavior are the same as 

3 There is a no-go theorem stating that there exists no charged soliton in EYM [13]. 
4 Systems including scalar fields in the non-trivial representation (fundamental or adjoint) of the gauge 
group, the Higgs field, have also been extensively studied under the name of EYMH [121 [T31 UM [T7] . 
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those of EYM, i.e. there are both odd and even parity tachyonic modes J5J[T8]. The extreme 
limits of 7 — > and 7 — > 00 respectively correspond to the EYM and YMD (in flat space). 
The latter which is essentially the case we analyzed in section 12.11 has the same features of 
EYM i.e. the dilaton, providing a purely attractive system, can replace gravity leading to 
the same sort of solutions. The EYMD will thus interpolate between these extreme systems 
and has the same features of the two. 

Another system of interest is an EYM with a cosmological constant; EYM-A [T5]. The 
solutions of this system are asymptotically (A)dS for (negative) positive values of A. For 
A > 0, the moduli space of (nA) solutions is essentially that of the EYM system and 
all the solutions are still unstable, with the same tachyonic modes. For A < 0, however, 
the situation is different. The main difference is that, the presence of negative A allows 
for a new continuous family of non-Abelian charged solitonic or blackhole solutions. The 
stability analysis for this case shows that [20], |2T] , although the solutions are still generically 
unstable, we now have the possibility of having stable solutions which of course do not have 
any counterpart in the A = theory. 

3 Instability of EYM(D) solutions with magnetic flux 

In the previous section we reviewed the instability of the so-called non-Abelian solitonic 
or blackhole solutions. In this section we apply the analysis of section 2.1 to all possible 
spherically symmetric solutions to the EYM action 

S = [ d 4 x^g-(-^—R + TrF MN F MN ) (3.1) 
J 8irG N 



when the magnetic flux F mn (I2.6P is turned on. With the gauge fields of the form of (12. 6p 



and noting that F only takes values in the Cartan subalgebra of the gauge group G, finding 
solutions of the field equations is essentially identical to the one in Einstein-Maxwell theory. 
These solutions, if asymptotically flat, are of the form of (magnetized) Reissner-Nordstrom 
(RN) blackholes of arbitrary magnetic charges nj. There is only one other class of solutions 
which are not asymptotically flat. These are non-singular and of the form of AdSi x S 2 . 
The latter may be obtained as the near horizon geometry of the extremal RN solutions. 

We show that turning on gravity does not remove the instabilities we discussed in section 
12.11 and the same modes of the gauge field which were tachyonic in the non-gravitational 
cast remain tachyonic. Hence, we ar e led to the conclusion that 



5 In the RN solutions generically there are four parameters (or quantum numbers) appearing, the Newton 
constant Gn, the Yang-Mills coupling gyM, and monopole charges ni and the ADM mass of the blackhole. 
By non-gravitational limit we mean Gn ~ keeping the other parameters fixed. 
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the presence of gravity is irrelevant to the instability results of the non-gravitational case. 
Inclusion of dilatonic scalar fields does not alter this result. Addition of Higgs scalars, being 
a charged field under YM, can however push some or all of the tachyonic modes inside the 

horizon and thus may stabilize the system. 

In section EH] we analyze the (in)stability of embedded Abelian, colored blackhole case. 
In comparison to the extensive literature on the non-Abelian solutions, the literature on the 
embedded Abelian case is slim and only the case with s-wave Gerogi-Glashow monopole 
has been considered in detail, showing that such perturbations lead to instabilities [T2]rl In 
section 13.21 we study the instability of the AdS2 x S 2 solution. In section 13.31 we consider 
EYMD theory and discuss the implication of the instability to the attractor mechanism. 

3.1 Instability of generic Ad colored blackholes 



The (in) stability analysis of a colored, magnetized RN blackhole amounts to studying (I2.13P 



with the proper choice for the metric g^. In order that we take the metric of the form 

ds 2 = -fdt 2 + r l dr 2 + b 2 dQ 2 2 (3.2) 

where / and b are functions of r. Equation (12.131) written with this metric yields 

- r 1 d 2 V + + d r (fd r V+) - ^M 2 V+ = (3.3) 

where M 2 has the same expression as in ( 12. 14ft . For concreteness, we take the gauge group to 
be SU(2) for which the spectrum of M 2 has a simple form. To analyze the above equation, 
define the new coordinate p 

dp = f- x dr. (3.4) 
In this new coordinate system the metric becomes ds 2 = f(—dt 2 + dp 2 ). Replacing 

V + = e^(p), 

equation (13.31) then takes the form of a Schrodinger equation 

- d 2 p 4> + U(p)1> = E 2 ^, (3.5) 
with the energy E 2 and the potential U (p) 

U{p) = ] -M 2 . (3.6) 



6 Reference [12] also considers some tensorial non spherically symmetric modes. As discussed in section 
12.11 however, for a generic monopole of charge n, e.g. in the SU(2) gauge theory, the spin of the tachyonic 
mode is n/2 — 1. Our discussion applies to modes belonging to any representation of the rotation SU(2), 
tensorial as well as spinorial. 
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The question of instability, like the flat space case, therefore reduces to the existence of 
normalizable, negative E 2 states (the bound states). The normalizability condition should 
now be imposed taking the non-flat background metric into account. That is, 

J dp^]b 2 \^\ 2 < oo. (3.7) 

For the asymptotically flat case, like ours, at large r (where the normalizability concerns 
may arise) the measure reduces to that of standard flat space r 2 dr. This question could 
be answered once the function / is specified. (One should also note that functions / and b 
should be written in terms of p.) In the cases of interest for us we are dealing with blackholes 
and hence the function f(r) vanishes at the horizon and generically we have inner and outer 
horizons, respectively r_ and r^. The Schrodinger equation should be analyzed for r > rv 
The wave-function if) should vanish for r < r^, as the region inside the horizon is cut-off 
from the rest of the space. 

As the first example let us consider the extremal Reissner- Nordstrom (RN) case, where 

f = (l-9-) 2 , b = r (3.8) 

Q and the monopole charge n are related as 

77 77 

Q = - y/4^=- Mpi- (3.9) 

In this case the explicit relation between p and r is 

p = r-Q + 2Qln r —Q - (3.10) 
Q r — Q 

where, for convenience, we have chosen the integration constant such that r = 2Q corre- 
sponds to p = 0. Note that p ranges from — oo to +oo as r ranges from the horizon = Q 
to +oo. This coordinate does not cover the region inside the horizon. The (p,t) coordinate 
system is usually called the Regge- Wheeler coordinates. 

It is easy to see that p = ±oo are inflection points of the potential and that U vanishes 
at these points. Furthermore, U(p) has one more extremum at p = which is a minimum 
for negative M 2 and a maximum for positive M 2 and its value at this extremum is j^p- 
U(p) is smooth everywhere and U(p) = U(—p). The case of interest for us is of course when 
M 2 is negative which is depicted in Fig{TJ 

Qualitatively our quantum mechanical problem is very similar to the motion of a particle 
in a potential of the form (the latter has been discussed in [22]). This potential has 

a finite number of of normalizable discrete modes (bound states) for y|^2 < E 2 < 0. For 
E 2 < y|^2 of course there will be no solutions. Existence of negative energy bound states, as 
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U(p) 




Figure 1: The Potential given in eq. fl3.6p for the Extremal Reissner- Nordstrom blackhole, 
with M 2 = —n/2. This potential has negative energy bound states. 

discussed earlier, means that the unstable modes, i.e. the modes which grow exponentially 
in time, which were also present in the flat background survive even when the back reaction 
of the magnetic monopole on geometry is taken into account. 

One may repeat the above analysis for more general non-extremal cases where 

f(r) = -^(r - r_)(r - r h ). 

The qualitative behavior of the potential is essentially the same as the extremal case. That 
is, for negative M 2 the potential U(p) has a minimum outside the horizon, and it is always 
negative. Furthermore, in the p — > ±00, U (p) asymptotes to zero. 

Let us now add the non-singlet scalar field, the Higgs field. As discussed in section 12.11 
this is done by replacing the M 2 by M 2 + g\ M v 2 b 2 (cf. eq. fl2.2ip ). U(p) becomes, 

/ % (r — rJ)(r — rh) , M 2 N 
V(P) = ~ f 2 -(9 2 ymV 2 + —) (3.11) 

where v is the Higgs expectation value and p and r are related as in C I3 .101) . The potential 
U(p), unlike the previous case does not necessarily have bound states. As the expectation 
value of the Higgs field increases, the minimum of U(p) is pushed behind the horizon. This 
can eventually result in a potential without any bound states and hence large Higgs vev can 
remove the instability!^. Intuitively and as a rough measure, when we add Higgs there are 
two length scales in the problem, one is the horizon size and the other is the monopole size 
r m (|2.22|) . When > r m the monopole is completely sitting behind the horizon and hence 
the instability analysis is similarly to a "point" charge. In this case, although the potential 
has a minimum, its minimum is sitting behind the horizon and hence do not form a bound 
state. Therefore, we do not see the instability. When r m > r h we have a smoothed out, 

7 This observation had already been made in [T2] for the s-wave instabilities. 
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extended monopole. As has been depicted in Figj2] in this case the potential does have the 
possibility of bound state, and hence the instability. The same qualitative features remain 
when we consider non-extremal case with the Higgs. The above potential generalizes the 
results of [12] to the case with arbitrary monopole charge. 

A U( P ) 





Figure 2: The potential for generic RN blackhole with the Higgs. As we increase the Higgs 
expectation value v the minimum of the potential is pushed to the left and eventually can be 
removed. The Figure on the left show the case with a large Higgs and the right one shows 
the case with small v. 



It turns out that bound states and hence unstable modes appear if M 2 < and if 

■2 



9ym 
~2V 



c 



+ 



v 



n 



v c^T-M 2 4 

T ~2Q h is the ADM mass of the blackhole. 



(3.12) 



c is a 



where M p is the planck mass and 
positive number smaller than one and arises from the details of quantum mechanics analysis 
of having a bound state. For the extremal case, M^G = Q, c approaches one. 



3.2 Instability in AdS2 X S 2 background 

In this part we consider the other class of solutions to the EYM theory in which the field 
strength is given by (12.61) . the AdS 2 x S 2 . This solution can be obtained as the near horizon 
geometry of extremal colored blackholes and hence this case is of particular interest because 
of its possible relevance to the attractor mechanism [23l 124"] . It has been discussed that the 
instability in such systems is completely determined by the large distance behavior of the 
radial equation [15J. In this section we show that the instability we have discussed in the 
previous sections is also seen in the near horizon geometry. 
It is straightforward to check that the AdS 2 X S 2 : 



ds 2 = Rl(-f(r)dt 2 + r l dr 2 ) + R 2 2 dQ 2 2 

where R\ and Ri are respectively radii of the AdS% and S 2 parts, and f(r) is 
f(r) = r 2 for the Poincare' patch 

f(r) = 1 + r 2 in the global AdS coordinates 



(3.13) 



(3.14) 
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when Ri = R 2 = Q is a solution to our EYM theory. This solution can be obtained in the 
near horizon limit of the four dimensional extremal Reissner-Nordstrom blackhole of previous 
section. Although for our case, the EYM theory and when four dimensional cosmological 
constant is zero, always Ri = R2, in our analysis we keep the AdS and the sphere radii 
arbitrary. 

Our instability analysis goes through the same as before. We end up with looking for 
the possible bound states of the Schrodinger equation (13.51) . in which the potential is given 
by (13. 6p with b replaced by R 2 . That is, |f 

f | M2 ? " 00 < p < +00 
U(p) = I 2 (3.15) 
Sm 2 — V- - f < p < +5 in the global AdS coordinates 

To explore the bound states and discuss the instability we need to impose the correct 
normalizability and boundary conditions. In the case where we have a causal boundary, like 
the AdS 2 case, the suitable boundary condition for the wave function is that of a particle 
inside a box, with the walls of the box at the position of the boundary, i.e. p = in the 
Poincare' patch and p = ±7r/2 for the global AdS 2 . The form of the potential for negative 
M 2 is depicted in Figj3j The normalization conditions read 



f°° 1 

/ dp — I "01 2 < 00 for the Poincare' patch 
Jo P 



and 

r n/2 



dp \ip\ 2 < 00 in the global AdS coordinates. 

tt/2 cosp 

The above Schrodinger equation is in fact exactly the same as the wave equation for a 
massive scalar field of mass squared Mq = j^M 2 in the AdS 2 - Normalizable negative energy 
states exist if M 2 < -1/4. To see this, let us for example consider the Schrodinger equation 
for the Poincare' coordinates and focus on the equation around p = 0. The solutions can be 
of the form ip ~ /r , where (3 satisfies (13.31) with M 2 replaced by Mq. As in the flat space case 
in order to have instability, (3 should be a complex number. The above discussion results 
in the well-known fact that, to have tachyonic instability coming from a minimally coupled 
scalar in an AdS background, we need to violate the Breitenlohner-Freedman bound [26J, 
which for the AdS 2 case is exactly Mq < —1/4. For the case when the four dimensional 
cosmological constant vanishes, Ri = R 2 and hence Mq = M 2 . If we choose our non-Abelian 



8 Note that the AdS2 case is special in the sense that it has two disconnected one dimensional boundaries 
|25j . In our case this means that the range of p coordinate can be extended to the full range of (—00, +00) 
in the Poincare' patch, and to (— §)+■§■) in the global AdS2- The boundaries are then located at p = for 
the former and at p = ±-| for the latter. 
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Figure 3: The potentials for the AdS% case when M 2 = j£M 2 is negative. The left figure 

corresponds to the Poincare' patch (as well as to the flat space) and the one on the right 
corresponds to the global coordinate. 

gauge group to be SU(2), with a monopole charge n (n > 1), Mq = — n/2 (cf. discussions 
of section 2.1) and hence we have tachyonic instability. 

Here we briefly address the case R\ ^ i?2- This happens when we study near horizon 
limit of an extremal charged blackhole in a background of non-vanishing four dimensional 
cosmological constant A [9, 28J. We then have 

R-2 _ R~ 2 = 2 A, Q 2 = R 2 2 (1-R 2 2 A) 

where Q and the monopole charge n are related as in ( 13. 9j) . Therefore, by tuning up |A| we 
can increase the R2/R1 ratio. When ratio exceeds l/2n we do satisfy the Breitenlohner- 
Freedman bound and hence there is no tachyon instability. More detailed and exhaustive 
analysis of this case, when a non-zero cosmological constant is turned on, is postponed to 
future works [27]. 

It is readily seen that for both cases we do have bound states and hence the persistence 
of the instability. It is remarkable that in the Poincare' patch the potential in terms of p 
has exactly the same expression as the similar case in the flat space (cf. equation (13.31) ). 
Note also that, it is AdS in the Poincare patch that is obtained as the direct result of taking 
the near horizon limit. This may give a direct realization of the observation we made in the 
beginning of this section. 

As another remark we would like to note that in taking the near horizon limit we are 
replacing the localized charges with fluxes (see e.g. [28]). This in particular implies that the 
instability result is not limited to the charges and "monopole" configuration, but is a generic 
feature for the cases we are dealing with non- vanishing non-Abelian fluxes. 
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3.3 Instability in EYMD and implications for the attractors 

So far we have mainly focused on the EYM theory with a simple gauge group G. We 
also discussed the EYMH theory and argued how addition of a Higgs field can change the 
(in) stability of the background magnetic flux. Here we would like to address implications of 
addition of the singlet scalar fields (the dilatons) to EYM. This is the case of relevance to 
the attractor mechanism [TP] . The attractor mechanism simply states that the near horizon 
geometry of the extremal charged blackholes only depends on the charges and is independent 
of the other details of the theory, and in particular the moduli, if present pi)] • In other words, 
there are (infinitely) many extremal blackhole solutions which reduce to the same solution 
in the near horizon geometry and that the dynamics on the horizon is decoupled from the 
dynamics of the rest of the space [23] . This result has been used to study the entropy of the 
extremal blackholes [28J and to identify the micro-state counting of these blackholes [29] . 

For the cases where we have a single dilaton field and a simple gauge group G, presence 
of the dilaton field does not essentially change the equations of motion for the gauge fields 
and following the line of computations we have presented here, one can readily show that 
the same mode of the gauge field fluctuation which we have shown to be tachyonic remains 
tachyonic in the spherically symmetric magnetized solutions of the EYMD theory. 

In order to study the implications for the attractor mechanism, recalling that when only 
the magnetic charges (fluxes) are turned on one needs to have more than one U(l) factors 
(e.g. see [10]), we consider a more general case of the EYMD theory where our gauge group 
is a product of several simple factors and also several dilaton fields are present: 

S= f d 4 x^(-^—R + TrF a MN F bMN / o6 (0) - g^du^d* y ) (3.16) 
J 8ttG n 

where a, b run over 1, • • • , k (k is the number of simple factors in the generic gauge group 
G), <p l are scalar dilaton fields and the range of i,j could be arbitrary, independent of k, 
gij is the metric on the moduli space of the dilaton fields. Gauge invariance implies that 

The extremal solutions of the above EYMD theory are of relevance to the attractor 
mechanism [10j. For concreteness let us choose the gauge group to be SU{2) x SU{2) {i.e. 
k = 2) and take a model with a single dilaton and fab{4>) = S a be aa4 ', a,b = 1,2. The exact 
attractor solution of reference [TU] can be readily embedded in this model. As shown in 
this reference for a\a^ < there exits an exact attractor solution. Assuming = const, 
the monopole and blackhole configuration of previous section will correspond to the zeroth 
order solution of [TO]. It is clear that the analysis of sections 2.4.2 to 2.4.4 of this reference 
can be carried through verbatim. The instability in non-Abelian flux backgrounds, however, 
still remains there, when the background charge is different from n — 1 for each SU(2). 
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It is also straightforward, along the line of section 13.21 to check that the AdS2 X 5 2 type 
solutions to the above EYMD theory are also unstable. In an obvious way one can show 
that the instability remains for (the extremal) solutions to the above EYMD (13.161) in its 
most general form. 

As we discussed, the solutions to the EYMD theories which show the attractor behavior, 
independently of the value of the dilaton fields at infinity and the moduli, all suffer from 
the tachyonic instability and the runaway behavior in the small fluctuations of some of the 
components of the gauge fields. Thus except for the values of the magnetic charge n — 1 
for each 577(2) factor, before studying the attractor property, it is therefore necessary to 
address the instability issue first. 

4 Relevance of colored blackholes to string theory 

We have discussed that EYMD theories have unstable regular or blackhole solutions. The 
instability manifests itself in the modes with imaginary frequency. The EYM and YMD 
theories are two specific limits of the EYMD theory. In this part we discuss the relevance of 
EYMD theories to string theory. 

4.1 Non-Abelian gauge theories and Calabi-Yau compact ificat ions 

Let us start with standard 10c? superstrings and first consider the heterotic strings compact- 
ified down to Ad. The low energy effective theory obtained in this way is generically a Ad 
(super)gravity theory plus some scalars (dilatons) and some gauge fields. In the toroidal 
compactification, we start with E 8 x E 8 or 5*0(32) lOd heterotic strings and end up with 
J\f = A supergravity in Ad with gauge group which is a subgroup of E% x E$ or 50(32), plus 
12 other U(l) vector fields coming from the ten dimensional metric and two form 5-field 
upon KK reduction Q In a generic point of the moduli space, where all the 16 E 8 x E 8 or 
50(32) Wilson line moduli are turned on, the gauge group is Higgsed down to £/(l) 16 [30J. 
Similarly, if we start with type I, type II or M theories, upon toroidal compactification to Ad, 
generally we obtain a Ad supergravity with U(l) 28 gauge group. Therefore, at generic points 
of moduli spaces of string/M theory toroidal compactifications non-Abelian gauge gro ups 



may be completely broken, and hence the instability discussed here, does not show up\^\ At 

9 It is possible that in the self T-dual points of the compactification moduli space this Abelian U(l) 12 
enhances to non-Abelian SU(2) 12 or other larger groups of rank 12 [30 . 

10 It is worth noting that closed strings on a torus, when a background magnetic flux larger than some 
critical value is turned on, contain tachyonic modes |31j . It has been argued that this tachyonic instability 
can signal a phase transition in the system [31) . 
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non-generic points, where some of the Wilson line moduli are not turned on, we do obtain 
non-Abelian gauge groups. 

The toroidal compactification, although the simplest, is not the most interesting string 
compactification. A phenomenologically viable string compactification should lead to non- 
Abelian GUTs or the standard model. For this purpose the Calabi-Yau (CY) compactifi- 
cation is a better choice. In this case, for the heterotic or type I case, in the non-generic 
points of the compactification moduli space, we obtain non-Abelian gauge groups which are 
subgroups of E 8 x E s or 50(32). In these cases we again face the generic instability of the 
colored blackholes we discussed here. Even if we are only interested in classical configura- 
tions which are free of these instabilities, the fact that these states exist among the classical 
solutions of the theory, at quantum level, can induce instability. 

4.2 Non-Abelian gauge theories in G/H compact ificat ions 

The other class of compactifications which leads to non-Abelian gauged supergravities in 
4d are compactification on non-Ricci-flat manifolds, e.g. G/H coset manifolds, G being a 
compact group. In these cases the isometries of the compactification manifold, G, appears 
as the gauge group in the lower dimensional theory. Moreover, generically we also obtain a 
non-vanishing cosmological constant in the lower dimensional theory. The value of the cos- 
mological constant is proportional to the scalar curvature of the compactification manifold, 
though with the opposite sign. Hence, in these cases we are dealing with (supersymmetric) 
EYMD-A theory. As discussed in section 12.21 appearance of A does not generically cure the 
instability of non-Abelian solutions. There is, however, the possibility of having stable non- 
Abelian solutions. The EYMD-A theory will be dealt with in more detail in an upcoming 
publication [27J. 

As the last class we mention the warped compactifications. Here the non-Abelian gauge 
symmetry can appear in two ways. Either it arises from the bulk gauge fields somehow 
confined to the branes [32j, or from the internal degrees of freedom on the branes, as in the 
Horava-Witten scenario [33] or its generalizations and variants. In either cases we face the 
instability discussed here and before using these setups for any model building the instability 
issue should be addressed. 

5 Concluding remarks 

In this paper we have studied the instability of general spherically symmetric solutions of 
four dimensional EYMD theories with a constant (magnetic) field strength on the sphere. 
We showed that the same mode which causes the instability in the gravitation cases is also 
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present in the non-gravitational case. The instability is due to the fact that the lowest modes 
of gauge bosons in the background of a Dirac magnetic monopole on the flat space-time is 
"tachyonic" and has an exponential growth in time. 

We showed that a Dirac magnetic monopole of a generic charge in a non-Abelian gauge 
theory causes instability in the fluctuations of the gauge fields. We should stress that, as 
discussed in section 12.11 although this statement is true for a generic charge there exists 
cases corresponding to the minimum allowed value of charges that there are no tachyons and 
are hence stable. For example, for the £77(2) gauge group, that is n — 1. As discussed in 
section [3j these cases remain stable when gravity is turned on. 

One may wonder about the dynamics of the tachyon and ask for a tachyon condensation 
mechanism with or without gravity. One should note that the tachyon is a feature of the lin- 
earized analysis. Its exponential growth will eventually make the linearized analysis invalid. 
A tachyon condensation of some kind may be the final fate of this instability. However, for 
this an independent analysis is called for. 

An interesting outcome of our main result, which was indeed our original motivation 
for looking into this problem, concerns the attractor mechanism [91 [10] in extremal (su- 
persymmetric or non-supersymmetric) blackholes. These are charged blackhole solutions to 
Einstein-Maxwell-Dilaton theory. According to the attractor mechanism the near horizon 
behavior of the blackhole solution is independent of the value of the dilatonic fields and only 
depends on the charges defining the solution. In the case of the colored black holes, due 
to the instability discussed here, the straightforward application of the attractor mechanism 
becomes questionable. 

The instability of the colored blackholes can also be relevant to resolving the moduli 
problem in string compactification and removing some of the pieces of the string landscape 
[34] . In a sense this instability could be used as another criterium for distinguishing the 
swampland from the landscape [35] . 

Here we mainly focused on the EYM theory in four dimensions. One of the cases which is 
of outmost interest is the EYM-A theories. As briefly discussed in section 14.21 these theories 
are very relevant to string theory. It is interesting to study the (in)stability of the embedded 
Abelian, colored blackhole solutions in the context of Ad gauged super gravities [27]. Among 
this class the case of Ad £0(8) gauged supergravity, which is related to M-theory on £ 7 
and the stability of the Ad AdS-RN blackholes are of particular interest. It will also be 
very interesting to generalize our analysis of section [3] to the cases in higher dimensions and 
check whether the tachyonic modes still persist. We would expect that the kind of instability 
present in four dimensions should also appear in higher dimensions. This expectation should, 
however, be checked by explicit computations. One of the most interesting cases concerns the 
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charged blackhole configurations of the 5c? S77(4) gauged supergravity, arising from IIB/S 5 . 
These are the cases relevant to the AdS/CFT duality [27] . 
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